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Flight Mechanics of a Tail-less Articulated Wing
Aircraft
Aditya A. Paranjape∗ and Soon-Jo Chung†
This paper explores the flight mechanics of a Micro Aerial Vehicle (MAV) without a
vertical tail. The key to stability and control of such an aircraft lies in the ability to
control the twist and dihedral angles of both wings independently. Specifically, asymmetric
dihedral can be used to control yaw whereas antisymmetric twist can be used to control roll.
It has been demonstrated that wing dihedral angles can regulate sideslip and speed during
a turn maneuver. The role of wing dihedral in the aircraft’s longitudinal performance
has been explored. It has been shown that dihedral angle can be varied symmetrically
to achieve limited control over aircraft speed even as the angle of attack and flight path
angle are varied. A rapid descent and perching maneuver has been used to illustrate the
longitudinal agility of the aircraft. This paper lays part of the foundation for the design and
stability analysis of an agile flapping wing aircraft capable of performing rapid maneuvers
while gliding in a constrained environment.
Nomenclature
D,L, Y drag, lift and side force
JR,R, JL,R moment of inertia tensor of the right and left wings respectively,
in their respective wing root frames
JR, JL, J moment of inertia tensor of the right and left wings, and the aircraft
body respectively, in the aircraft body frame
mw,R, mw,L mass of the right and left wings, respectively
m total mass of the aircraft
p, q, r body axis roll, pitch and yaw rates
rCG position vector of the aircraft center of gravity
u, v, w body axis aircraft wind velocity components
α angle of attack
β sideslip angle (but see next entry)
β{·} backward sweep on a wing (see subscripts)
γ flight path angle
δ{·} actuator deflection angle (see subscripts)
φ, θ, ψ Euler angles
θ{·} wing twist
ω{·} angular velocity (see subscripts)
Subscripts
B aircraft body
e horizontal tail deflection
L left wing
R right wing
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I. Introduction
(a) ParkZone Vapor: the aircraft model consid-
ered in the paper (modelled without the vertical
tail).
(b) Mechanism to control the wing dihedral.
Figure 1. Aircraft model considered in the paper, and a mechanism to control wing dihedral using wing
flexibility in bending.
(a) The aircraft with wing dihedral set to zero. (b) The aircraft with its wings
raised to a dihedral of 55 deg.
Figure 2. The Plantraco Kolibri Pocket Plane, used for experiements described in the paper.
There is a substantial interest in the aerospace community to learn and mimic avian flight. The challenge
lies in developing unmanned aerial vehicles which have, among other attributes, (a) autonomy, (b) agility
and (c) the ability to fly in constrained environments [1]. Birds are ubiquitous examples of such flyers
and therefore, a natural choice as role models for miniature and micro aerial vehicles (MAVs) wherein
these attributes can be engineered. Complex maneuvers require a combination of open and closed loop
capabilities. However, the performance achievable in the closed loop (with control and guidance) is contingent
upon the limitations of the airframe. The focus of this paper is on the airframe (open loop) rather than
control. To simplify the analysis, the contributions of the fuselage and the thrust have been ignored with
the understanding that they can be readily added within the conceptual framework of this paper.
In particular, this paper explores a new fixed wing aircraft concept motivated by avian wings. This paper
considers a rigid wing which can be rotated at the root to generate variable dihedral. The dihedral angles on
the port and starboard wings need not be equal. This concept of asymmetric dihedral is used to explore yaw
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(a) Eagle in descent (source: firstpeople.us) (b) Eagle while perching (source:yimwhan.com)
Figure 3. Eagle during a (steep) descent and during perching.
stability and control in the absence of a vertical tail. The aircraft model considered here is a modified version
of the ParkZone Vapor, shown in Figs. 1(a) and 1(b). Figure 1(b) shows the mechanism being designed by
the authors’ research group to experimentally study the ideas presented in the present paper and in another
upcoming paper for an aircraft with flexible wings [2]. The experiments described in this paper have been
performed on a much smaller and lighter aircraft, called the Plantraco Kolibri Pocket Plane, shown in Fig.
2(a). Figure 2(b) shows the same aircraft with the dihedral angle of both wings raised to 55 deg.
A. Literature Review
Fixed and flapping wing MAVs have been extensively studied in literature. The compendium of papers in
Ref. [3] is an excellent reference for some of the work done in this area until the turn of the 21st century.
More recently, Costello and Webb [4] demonstrated that articulated wing MAVs, with wings hinged at the
root, experience reduced gust sensitivity. Wickenheiser and Garcia [5, 6] studied the dynamics of morphing
aircraft and demonstrated perching using, among other forms of articulation, variable wing incidence. Reich
et al [7] experimentally studied the aerodynamic performance of a wing of variable incidence for perching.
The lateral stability and control of birds, and in particular, the role of wing dihedral, have been studied
extensively by Sachs and co-authors [8–10]. Sachs has demonstrated that for air vehicles whose size and
speed (and hence, the Reynolds number) are similar to that of birds, wings are sufficient to provide lateral
stability thereby reducing, if not eliminating altogether, the need for a vertical tail. The lateral stability of
tailless aircraft has been investigated by the authors in Ref. [11].
B. Main Contributions and Outlook
This paper is meant to contribute towards the broader problem of developing a flapping MAV capable of
agile flight in constrained environments. Chung and Dorothy12 studied a neurobiologically-inspired controller
for flapping flight, and demonstrated it on a robotic testbed. Their controller could switch in a stable and
smooth fashion between flapping and gliding flight. Among other phases of flight, gliding is essential during
landing. In particular, perching, inspired by bird flight, is viewed as an effective landing maneuver. Figure I
illustrates an eagle as it descends and perches. Note the large dihedral during descent, and the nearly zero
dihedral angle during perching. Perching, instead, requires substantial wing twist. This paper provides the
flight mechanic foundations needed to design effective gliding and landing strategies.
The objective of this paper is to study the performance and stability of a vertical-tailless aircraft equipped
with moving horizontal tail and wings. The twist and dihedral angles of both wings can be controlled
independently. The idea is to employ antisymmetric wing twist to control roll and asymmetric dihedral to
control yaw. Following Sachs and Holzapfel [8], the role of wing dihedral in controlling the longitudinal
performance has been explored further. The aerodynamic forces on the aircraft wings and the horizontal tail
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are modelled using strip theory with aerodynamic data from Dickinson, Lehmann and Sane [13]. Bifurcation
analysis [14] is used to study the performance and stability of a six degree-of-freedom aircraft model which
incorporates the effect of dynamic CG location as a function of the aircraft geometry. Performance metrics
of interest are (a) trim angle of attack, velocity, and flight path angle for longitudinal flight assessment, and
(b) sideslip angle and turn rate for the lateral motion. Co-ordinated turns are analysed using a modified
version of the constrained bifurcation analysis [14].
It is shown that large dihedral angles can be used for slow, steep descents at large angle of attack. The
roll rate is observed to be highly sensitive to the wing twist. Relatively large dihedral angles are needed to
achieve co-ordinated flight, which can be circumvented by appropriate centre of gravity (CG) placement. A
perching-like maneuver has been demonstrated through simulation.
Figure 4. The VICON motion capture system, and its role in analysing and controlling indoor flight.
The ideas presented in this paper are being validated experimentally. Some results obtained during open
loop studies have been presented in the paper. All positions were measured directly using a VICON motion
capture system consisting of eight 2MP cameras. Figures 2(a) and 2(b) also show the reflective markers
attached to the aircraft. These are used by VICON to locate the aircraft and measure its attitude. The
VICON system and its role have been illustrated in Fig. 4. Efforts are under way to perform experiments
with the aircraft flying in the closed loop.
The paper is organized as follows. The mathematical preliminaries are summarized in Section 2. Sec-
tion 3 derives the dynamical equations and describes the aircraft model used in the subsequent analysis. In
Section 4, an analytical comparison of differential dihedral and vertical tail vis-a-vis their role as yaw control
devices is provided. A bifurcation analysis of the aircraft defined in the previous section is performed, with
the objective of identifying the symmetric as well as asymmetric equilibria and their stability. Section 5
presents a simulated perching maneuver which demonstrates the agility of the aircraft. Section 6 describes
the experimental results. Section 7 concludes the paper.
II. Preliminaries
In this section, trim computation and bifurcation analysis, required in the subsequent analysis, are briefly
introduced. Consider a set of ordinary differential equations x˙ = f(x, u, λ), where x ∈ Rn are the states and
u ∈ R is the control input, and λ ∈ Rp are some system parameters. A trim (x∗, u∗) is an equilbium point of
this differential equation, i.e., f(x∗, u∗) = 0. Given a control u∗, there may exist several trim states (x∗, u∗).
All of these trim states may not be of interest. Once a trim state (x0, u0) is computed, u0 is perturbed so
that u0 7→ u0 + δ, and x0 is used as an initial estimate for the next trim (x∗, u0 + δ). The step size δ has to
be chosen suitably. This is very similar to a procedure called numerical continuation.15
The Jacobian ∂f∂x is computed at every trim state, and its eigenvalues are used to conclude the stability of
the trim point. A trim point at which a solution branch undergoes a change in stability is called a bifurcation
point. Bifurcations are important not only because they indicate the onset of instability, but also because
trim branches or limit cycles originating from the bifurcation point provide indications about the behaviour
of the aircraft after it has departed from the unstable trim state. One such bifurcation point is the saddle
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node bifurcation at which a solution branch turns around in the state space, leading to jumps.14 Another
commonly encountered bifurcation is the Hopf bifurcation which gives rise to limit cycles (or oscillatory
behaviour).
For this paper, the function fsolve in MATLABTM has been used iteratively to compute trim states. In
order to enable the code to handle folding solution branches, the equations of motion are augmented using
the pseudo-arc-length15 Bifurcation points have not been computed explicitly. Instead, plots are showing
trim state variables of interest versus the corresponding trim control variable carry a stability-based legend
which allows bifurcation points to be identified along with their type.
III. Equations of Motion
A. Frames of Reference
Given frames F and G, the matrix TFG is a rotation matrix which transforms the components of a vector
from the G frame to F . The body frame, denoted by B, is attached to the body with the x − z plane
coincident with the aircraft plane of symmetry when the wings are undeflected. The x axis points towards
the aircraft nose. The z axis points downwards, and the y axis (pointing along the right undeflected wing)
is defined to create a right handed coordinate system.
The frame R is the frame based at the right wing root. Its x axis coincides with the x axis of the B frame
and it is related to the B frame via a dihedral rotation δR at the wing root followed by a rotation θR about
the y axis. The y axis points along the wing elastic axis. Let R1, R2, R3 denote the body - wing frame
rotation matrices for wing rotations about the root hinge corresponding to sweep (β{·}), dihedral (δ{·}) and
twist (θ{·}), respectively.Therefore,
R1 =
 cosβR sinβR 0− sinβR cosβR 0
0 0 1
 , R2 =
 1 0 00 cos δR − sin δR
0 sin δR cos δR
 , (1)
R3 =
 cos θR 0 − sin θR0 1 0
sin θR 0 cos θR
 . (2)
Since the sweep angle is set to β· ≡ 0, we get the following rotation matrix which connects the right-wing
root frame to the body frame:
TBR =
 1 0 00 cos δR sin δR
0 − sin δR cos δR

 cos θR 0 sin θR0 1 0
− sin θR 0 cos θR
 . (3)
A similar matrix TBL can be derived for the left wing as well.
B. Equations of Motion
In the following equations, given a vector p = [p1, p2, p3],
p× = S(p) =
 0 −p3 p2p3 0 −p1
−p2 p1 0
 (4)
The translational equations are derived first. Let rcg denote the position vector of the CG of the aircraft,
while rcg,R and rcg,L denote the position vectors of the CG of the right and left wings, respectively. Then,
the total translational momentum is given by
p = muB +m(ωB × rcg) +mw,RωR × TBRrcg,R +mw,LωL × TBLrcg,L. (5)
Using Newton’s second law, we get
F = m(u˙B + ωB × uB + ω˙B × rcg + ωB × r˙cg + (ωB×)2rcg) +mwω˙R × TBRrcg,R (6)
+mw(ωR×)2TBRrcg,R +mwω˙L × TBLrcg,L +mw(ωL×)2TBLrcg,L, (7)
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and the CG variation is given by
r˙cg =
mw
m
(ωR ×TBRrcg,R + ωL × TBLrcg,L) (8)
The total angular momentum is given by
h = mrcg × uB + JωB + JRωR + JLωL,
JR = T>BRJR,RTBR, JL = T
>
BLJL,LTBL (9)
Therefore, the dynamical equations are given by
M = mr˙cg × uB +mrcg × u˙B +mωB × (rcg × uB) + Jω˙B + J˙ωB
+S(ωB)JωB + JRω˙R + J˙RωR + S(ωB)JRωR + JLω˙L + J˙LωL + S(ωB)JLωL, (10)
where
J˙R = T>BR(JR,RS(ωR)− S(ωR)JR,R)TBR,
J˙ = J˙R + J˙L, (11)
and
M = Maero + rcg ×m
 −g sin θg cos θ sinφ
g cos θ cosφ
 . (12)
This paper studies the possible utility of differential dihedral and differential twist as control inputs. This
entails that the aerodynamic forces and moments be described as functions of those angles and their rates
of change. Strip theory is used to calculate the aerodynamic forces and the moments. Without any loss of
generality, consider the right wing of an aircraft, with (semi) span b/2 and chord c(y), where y denotes the
spanwise location. Let Vcg = [u v w]> denote the body axis wind velocity of the aircraft. Let [p q r] denote
the body axis angular velocity of the fuselage.
The angular velocity perceived at a strip at a distance y along the span is independent of y in a rigid
seting, and is given by
Ω =
 pq
r
 +
 00
β˙R
 +R1
 −δ˙R0
0
 +R1R2
 0θ˙R
0
 . (13)
Then, the local velocity at that strip is
V(y) = Vcg + Ω× r, (14)
where r is the position vector of the aerodynamic center of the station given by
r = R1R2R3
 xacy
0
 , (15)
where xac is the chordwise location of the aerodynamic center with respect to the mid-chord. It is assumed
to be c/4. The local aerodynamic force at the station is given by the vector sum of the lift and the drag,
with components written in the body frame:
dF = 0.5ρ‖V(y)‖2c(y)(Cl l/‖l‖+ Cd d/‖d‖)dy, (16)
where
l = R1R2[0 1 0]> ×V(y)/‖V(y)‖, (17)
d = −V(y)/‖V(y)‖. (18)
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The local aerodynamic moment at the station is given by
dM = r× dF + ρ‖V(y)‖2c(y)CmacR1R2[0 1 0]>dy (19)
The total aerodynamic force and moment are obtained by integrating the above expressions, performed in
practice by using a finite element scheme. The forces can be projected onto the wind axes and these, together
with the moments, can be substituted into the flight dynamic equations.
In addition to the flight dynamic equations, we have the kinematic equations which relate the angular
velocity of the aircraft to the rates of change of the Euler angles:
φ˙ = p+ q sinφ tan θ + r cosφ tan θ
θ˙ = q cosφ− r sinφ
ψ˙ = (q sinφ+ r cosφ)/ cos θ. (20)
The equations which relate the position of the aircraft to its translational velocity are essentially decoupled
from the flight dynamic equations, and are given by
X˙ = V cos γ cosχ
Y˙ = V cos γ sinχ
Z˙ = −V sin γ. (21)
The angles γ and χ in Eq. (21) are defined as follows:
sin γ = cosα cosβ sin θ − sinβ sinφ cos θ − sinα cosβ cosφ cos θ
sinχ cos γ = cosα cosβ cos θ sinψ + sinβ(sinφ sin θ sinψ + cosφ cosψ)
+ sinα cosβ(cosφ sin θ sinψ − sinφ cosψ) (22)
The aerodynamic data from [13] used here has been verified for high angles of attack. The lift and drag
coefficients of the wing and tail airfoils are
Cl = 0.225 + 1.58 sin(2.13α− 7.20), Cd = 1.92− 1.55 cos(2.04α− 9.82), (23)
where α is measured in degrees. The aircraft geometry is as follows:
• Wing span: 37.5 cm, chord: 14.6 cm.
• Horizontal tail span: 19 cm, chord: 9 cm.
• Mass: 12 g., including a ballast mass added to the nose of the aircraft for placing the CG around
half-wing-chord under nominal conditions (i.e., when the wing dihedral and twist set to zero).
• Length: 29.7 cm, xac = 3.6 cm, xcg = 5.5 cm (from the nose when δR = δL = δe = 0).
IV. Discussion
A. Analytical Comparison With the Vertical Tail
Figure 5 illustrates the physics underlying the use of wing dihedral as a control. Increasing the wing dihedral
reduces the force acting in the z- direction, and generates a side force. The reduced z-force affects the aircraft
flight path angle and angle of attack, and hence the flight speed. On the other hand, the side force can be
used for providing the centripetal force for turning, and as a source of the yawing moment. In particular, if
the CG is located behind the line of action of the side force, then a positive side force produces a positive
yawing moment and vice-versa. This means that a positive rolling moment (wherein the lift on the left wing
is higher than the right wing) is accompanied by a positive yawing moment if the wings have a positive
dihedral deflection or if the dihedral deflection of the left wing is larger than that of the right wing. This
helps reduce the adverse yaw produced due to rolling.
In order to appreciate the utility and the limitations of using differential dihedral as yaw control mech-
anism, it may be compared it with the more conventional vertical tail by comparing the yawing moments
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Figure 5. Illustration of the physics underlying the use of dihedral as a control.
produced by the differential dihedral and the vertical tail while their deflections are kept identical. Consider
a rectangular vertical tail with span bt, chord ct, area St = btct, and located at a distance lt behind the CG.
The wing has semi-span b/2 and chord c. Let the Sw = bc/2 denote the area of each wing, and let the wing
be located at a distance lw ahead of the CG. In order to get a fair comparison, the yawing moment produced
by the vertical tail is calculated by assuming that the dihedral deflection of both wings is zero.
Assuming a linear relation between the lift and the angle of attack, the yawing moment generated by the
tail for a deflection βt is equal to Mt = q∞StltCLαβt, where q∞ is the free stream dynamic pressure. The
moment generated by a dihedral deflection, δ, of one of the wings is Mw = q∞SwlwCLααwδ. If βt = δ, then
the ratio e = Mw/Mt is given by
e =
Swlw
Stlt
αw. (24)
Clearly, the dihedral is more effective as a control at high angles of attack. Furthemore, the deterioration in
the moment generated by the tail when it lies in the wing wake has been ignored in the above calculations.
Accounting for this deterioration will improve e further. The above expression also suggests that the dihedral
is better than the vertical tail when the aircraft has a small tail arm. Interestingly enough, blended wing
body aircraft and birds are candidates for such aircraft where differential dihedral offers a more efficient
option for yaw control. This is one of the reasons, apart from the stability arguments of Sachs,10 why birds
can do away with the vertical tail altogether. The ability to change wing dihedral is built into the birds in
the form of their ability to flap their wings for propulsion. Hence, no additional mechanisms are needed for
yaw control. Ornithopters, too, can benefit from differential dihedral-based yaw control in a similar manner.
B. Longitudinal Stability and Performance
This subsection illustrates two points:
• The use of bifurcation analysis for trim and stability analysis, and
• The effect of dihedral on the longitudinal trim performance.
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It has been assumed that the wing twist and sweep are both zero.
Figure 6 is a bifurcation diagram of α versus δe for longitudinal flight with δR = δL = 0.5 rad. The
trim angle of attack is shown on the vertical axis, while the corresponding elevator deflection is shown on
the x-axis. The following notation is adopted for the plots: filled circles indicate stable equilibria, while
other markers are used for unstable equilibria depending on the type of instability. The aircraft is seen to
be dynamically stable at all angles of attack considered in this plot. Such a study can be performed for
different values of the dihedral angle to ascertain the safe flying envelope.
−0.5 −0.4 −0.3 −0.2 −0.1 00
0.1
0.2
0.3
0.4
0.5
0.6
0.7
δ
e
 [rad]
α
 
[ra
d]
Figure 6. Bifurcation diagram showing α versus δe for δR = δL = 0.5 rad.
−1 −0.5 0 0.5 10.1
0.15
0.2
0.25
0.3
0.35
δ [rad]
α
 
[ra
d]
(a) Angle of attack as a function of dihedral.
−1 −0.5 0 0.5 11.8
2
2.2
2.4
2.6
2.8
δ [rad]
V 
[m
/s]
(b) Velocity as a function of the dihedral
Figure 7. Bifurcation diagrams showing α and flight speed versus symmetric dihedral (i.e., δR = δL = δ) with
elevator held fixed at δe = −0.2 rad. Solid circles (·) indicate stable equilibria, while a cross (‘x’) indicates
unstable equilibria with one real unstable eigenvalue.
In order to study the effect of the wing dihedral on the longitudinal performance and stability, the elevator
deflection is kept fixed. The dihedral angle is varied. Changing the wing dihedral changes the trim angle of
attack and trim velocity substantially as shown in Figs. 7(a) and 7(b). In particular, increasing the wing
dihedral increases the trim angle of attack. As the dihedral is increased, the speed reaches a minimum value
around δ = 0.25 rad before increasing for higher values of the dihedral. The equilibria are unstable for
dihedral values below −0.2 rad.
The key observation here is that the use of symmetric dihedral offers the possibility of independently
controlling two of the three longitudinal performance metrics, viz. the flight speed, angle of attack and the
flight path angle. The Euler pitch angle would be an enterprising addition to this list, with application to
airborne visual tracking of other airborne vehicles or ground-based objects. This is not possible in fixed wing
aircraft in the absence of variable thrust and variable dihedral. Figure 8(a) shows the angle of attack required
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to maintain a flight speed of V = 2.2 m/s as the symmetric dihedral is varied between −1.0 and 1.0 rad,
while Fig. 8(b) shows the flight path angle achieved in the process. The elevator needs to be scheduled as a
function of the dihedral deflection for steady flight, as shown in Fig. 9. In the last three plots, the equilibria
are seen to be unstable with a single positive real eigenvalue for large negative values of the wing dihedral.
−1 −0.5 0 0.5 10.1
0.15
0.2
0.25
0.3
0.35
δ [rad]
α
 
[ra
d]
(a) Angle of attack as a function of dihedral.
−1 −0.5 0 0.5 1−1.6
−1.4
−1.2
−1
−0.8
−0.6
δ [rad]
γ [
rad
]
(b) Flight path angle as a function of the dihedral
Figure 8. Bifurcation diagrams showing α and γ versus symmetric dihedral (i.e., δR = δL = δ) with speed held
fixed at V = 2.2 m/s. Solid circles (·) indicate stable equilibria, while a cross (‘x’) indicates unstable equilibria
with one real unstable eigenvalue.
−1 −0.5 0 0.5 1−0.5
−0.45
−0.4
−0.35
−0.3
−0.25
−0.2
−0.15
−0.1
δ [rad]
δ e
 
[ra
d]
Figure 9. Bifurcation plot showing the elevator required to maintain the flight speed as the symmetric dihedral
deflection, δ, is varied. Solid circles (·) indicate stable equilibria, while a cross (‘x’) indicates unstable equilibria
with one real unstable eigenvalue.
The steady state analysis demonstrated here is of limited utility insofar as determining the agility of
the aircraft is concerned, because agility is evaluated primarily on the basis of transient maneuvers such
as perching [1]. Nevertheless, a steady state analysis is useful for two reasons. First, as stated earlier, it
helps identify potential instabilities. Second, an aircraft with well damped dynamics would tend to rapidly
approach the steady state velocity and angle of attack predicted here, even as it performs an unsteady
maneuver.
C. Lateral Stability and Performance
Wing twist can be used anti-symmetrically on the two wings to generate rolling moment, and differential
dihedral can serve as a yaw control mechanism as explained in subsection A. Roll rate and turn rate are
two indicators of lateral performance. As in the previous section, bifurcation analysis is used for analysing
performance and stability for following benchmark cases:
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1. Dihedral angle on both wings is equal and held constant (0.1 rad) as twist is varied in an antisymmetric
manner. It is expected that this will generate a substantial roll rate as well as sideslip.
2. The wing twist is varied as in the previous case. However, the dihedral angles are not held constant.
Instead, they are scheduled to ensure zero sideslip and constant flight speed. In this case, the aircraft
performs a steady coordinated turn.
Figures 10(a) and 10(b) show the roll rate and the sideslip angle as functions of the twist angle for constant
dihedral angle. The ideas discussed above are readily verified. It is seen that a large roll rate is generated for
relatively small values of anti-symmetric wing twist. This may explain the roll agility seen in birds. In order
0 0.02 0.04 0.06 0.08 0.10
0.5
1
1.5
2
Wing Twist [rad]
p 
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]
(a) Roll rate as a function of antisymmetric wing twist
(left wing positive)
0 0.02 0.04 0.06 0.08 0.10
0.1
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0.3
0.4
0.5
0.6
0.7
Wing Twist [rad]
β [
rad
]
(b) Sideslip as a function of antisymmetric wing twist
Figure 10. Roll rate and sideslip as functions of wing twist.
to analyse a turning maneuver, a simplified version of constrained bifurcation analysis (CBA)[14] is employed.
In CBA, constraint equations are added to the ordinary differential equations and the corresponding control
parameters are “freed,” i.e., treated as state variables. The enlarged set of equations is then solved to
compute the aircraft trim states and control inputs needed to achieve those trims. In order to conclude the
stability of the trim states, the Jacobian corresponding only to the original set of differential equations is
isolated, and its eigenvalues are computed.
Figures 11(a) and 11(b) plot the turn rate and the differential dihedral required for regulating sideslip,
respectively, as functions of the wing twist during a coordinated turn. From a performance perspective, it
is observed that a substantial amount of asymmetric (not necessarily anti-symmetric) dihedral is needed to
maintain zero sideslip. During this maneuver, the speed is held constant at V = 2 m/s. From the stability
perspective, the maneuver is seen to be stable. However, instabilities may appear in steep turns as observed,
for example, in Paranjape and Ananthkrishnan [16].
Figure 11(b) also shows that δR ≈ −δL for trim at small values of wing twist. This is equivalent to an
aircraft banking to one side while performing a turn. This is observed for small values of turn rate, upto
10 deg/s. The corresponding pitch rate and fuselage bank angle are both small. As the turn rate builds
up, so does the pitch rate as the aircraft bank angle increases, which leads to a deviation from this simple
expression. Even so, the aircraft bank angle (not shown here) does not exceed 10 deg even for rapid turns.
V. Simulations
The previous sections demonstrated the steady state performance of an MAV equipped with variable
wing dihedral and twist. Agile maneuvers, on the other hand, are purely transient in nature. The ability of
the aircraft to perform such maneuvers can be demonstrated only by simulation. In this section, a perching
maneuver is demonstrated as an illustration of the aircraft’s agility. For the purpose of simulations, a simple
PI controller is implemented wherein the angle of attack is fed back to the wing twist as well as the elevator
deflection. The dihedral angles are commanded in the open loop.
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(a) Turn rate and sideslip as functions of wing twist with
constraint β = 0.
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(b) Wing dihedral required to maintain β = 0.
Figure 11. Coordinated turn trims with a fixed velocity V = 2 m/s.
A simple perching maneuver is envisioned as follows. The aircraft descends steeply, at a moderate angle
of attack. The dihedral is initally set to 0.5 rad. At t = 4 s., the dihedral is reduced to 0, and the wings
are twisted upwards so that the aircraft pitches up instantaneously and the speed drops rapidly. Perching
would be ideally completed when the speed has dropped to its minimum value. The flight speed, angle of
attack and flight path angle have been plotted in Figs. 12(a) and 12(b), respectively. It is seen that the
flight path angle becomes positive instantaneously. This is in keeping with the perching maneuver described
in literature, for example [1]. Figure 12(c) shows the wing twist. The wing twist is scheduled so that the
wing angle of attack roughly equals 0.4 rad. Exact equality is not always possible due to saturation limits
on wing twist. The perching trajectory has been shown in Fig. 12(d). Incidentally, the first part of the
maneuver can be used for performing rapid descents in constrained space, as a substitute or complement
for strategies such as the spin-based strategy discussed by Ramsey and co-authors [17]. Chakravarthy and
co-authors18 have designed a guidance algorithm based on H2 optimal control for perching using the ideas
described in this paper.
VI. Experimental Results
The ideas presented in this paper are being validated experimentally. In this section, some results
obtained during open loop studies have been presented. Experiments were performed on Plantraco’s Kolibri
Pocket Plane (see Figs. 2(a) and 2(b)). The aircraft has a wing span of 220 mm, and weighs approximately
5 g. The aircraft wings were modified so that their dihedral could be changed a priori. Ailerons were added
as substitutes for wing twist, and the vertical tail was duly removed. The aircraft was seen to possess a
significantly large L/D ratio. Ballast mass was added to the aircraft to rein in its tendency to accelerate and
pull up. Spoilers were added on the inboard section of the wing to improve phugoid damping. Experiments
were performed with the elevator set to δe = −10 deg. The aircraft position was measured directly using
VICON and the sampling frequency was set to 100 Hz. The velocities and the heading angles were derived
from the position measurements using the finite difference method. For longitudinal studies, the angle of
attack was approximated as the difference between the body pitch angle and the flight path angle. Even
with the added mass and spoilers, the phugoid motion did not damp out sufficiently within the available
experimental space for small values of the wing dihedral. Therefore, the mean values of the flight parameters,
as the expected steady state values, were noted down.
A. Longitudinal
Figures 13(a) - 13(c) show the flight speed, angle of attack and flight path angle as a function of the wing
dihedral. Flight tests at small values of the dihedral were precarious, because of the tendency of the aircraft
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(a) Flight speed as a function of time.
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(b) Angle of attack (solid line) and flight path angle
(dashed line) time histories.
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during perching.
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(d) Perching trajectory in the x− z plane.
Figure 12. Flight parameters during a perching-like maneuver.
to depart into a spiral. Nevertheless, the velocity and the flight path angle trends (also shown by a quadratic
fit) match those predicted by the theoretical analysis in the preceding section. The angle of attack decreases
almost linearly as the dihedral angle is decreased from 55 deg to 20 deg. The angle of attack behaviour is
seen to deviate substantially thereafter, and it may be partially attributed to the truant dynamics of the
aircraft. Consequently, no attempt was made to fit a lower order curve to the angle of attack data.
B. Lateral
Attempts were made to study the turning performance of the aircraft for different values of the aileron
deflection. The aircraft, however, was seen to be unstable with problems similar to those faced with the
longitudinal experiments. Whereas the latter could be circumvented by adding mass and drag, the problems
with lateral stability could not be adequately countered. Some of the results have been tabulated in Table 1.
The aileron deflection has been denoted by δa. The aircraft was seen to possess a very poorly damped
transient performance. Consequently, the values in Table 1 are approximate, in that they are obtained as
the expected steady state solutions. Beyond δa = −15 deg, the aircraft became unstable ruling out any
meaningful turning experiments in the open loop. The data presented in Table 1 is, nevertheless, instructive
in its own right.
13 of 15
American Institute of Aeronautics and Astronautics
D
ow
nl
oa
de
d 
by
 U
ni
ve
rs
ity
 o
f I
L 
on
 O
ct
ob
er
 1
2,
 2
01
2 
| ht
tp:
//a
rc.
aia
a.o
rg 
| D
OI
: 1
0.2
514
/6.
201
0-7
633
 
10 20 30 40 50 602.5
3
3.5
4
4.5
5
δ [deg]
V 
[m
/s]
 
 
Expts
   quadratic
(a) Flight speed as a function of the dihedral.
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(b) Angle of attack as a function of the dihedral.
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Figure 13. Steady state values of the longitudinal flight parameters as functions of the wing dihedral.
For δa = −5 deg, note that the aircraft sideslip increases as δR−δL is increased. The desired coordinated
turn would hence occur when δL is just less than 5 deg. The flight speed is almost constant, which matches
the expectations from the earlier trim analysis. The aircraft turn rate increases as δR − δL increases due of
the consequent increase in the side force.
For δa = −10 rad, the sideslip is zero when δL = −10 deg, and δR is between 10 and 15 deg. Note that
the turn rate and flight speed are almost constant. Therefore, a part of the increased sideforce is lost in
compensating for the sideslip. It is interesting that even such sparse and crude, albeit carefully chosen, data
can be useful for predicting the optimal dihedral combination for coordinated turns.
VII. Conclusions
The ultimate goal of this work is to develop agile MAVs that can mimic or exceed the agile maneuvers
of birds. This paper demonstrates the effect of wing dihedral on aircraft performance and stability. Wing
dihedral, together with the horizontal tail, can be used to control the aircraft angle of attack (or flight path
angle) and flight speed independently for a range of flight speeds. Asymmetric dihedral deflection has been
demonstrated as a useful yaw control mechanism for agile MAVs. Future work on this front should focus
on (a) the development of aggressive control laws which incorporate asymmetric dihedral actuation, and (b)
the effect of wing flexibility, particularly torsion, given the sensitivity of the roll rate to asymmetric wing
twist. Both problems are currently under investigation by the authors.
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δa (deg) δR (deg) δL (deg) V (m/s) ω (rad/s) β (rad)
−5 5 −5 3.6 2 0.08
10 −5 3.74 2.33 0.14
10 −10 3.8 2.7 0.23
−10 10 −10 3.5 2.8 −0.08
15 −10 3.5 2.8 0.2
Table 1. A summary of the turning performance. The aileron deflection has been denoted by δa. The negative
sign implies that the aircraft rolls to the left.
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